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—— Abstract

Graph burning is a discrete-time process that models the spread of social contagion. Initially,
all vertices are unburned. In each round, one unburned vertex is selected and burned, while any
unburned vertex that has a burned neighbour from the previous round also becomes burned. The
burning number of a graph is the minimum number of rounds needed to burn the entire graph. In this
paper, we study the burning number of graph powers. First, we show that for a connected graph G,
its graph power G* contains a (k 4 1) T-branching tree as a spanning tree. A (k+ 1)T-branching tree
is one whose internal vertices have degree at least k + 1. We then show that (k+ 1) -branching trees

on n vertices have burning number at most | 4/ ka_gl)—” -‘ . As the burning number of a graph is at

most the burning number of any of its spanning trees, this gives an upper bound on the burning
number of graph powers. We also derive an explicit bound building on the results of Bastide et
al., and identify the ranges of £ and n for which our bound outperforms theirs. Finally, we show
that b(G*) < (1+0(1))+/n/k based on the asymptotic burning number bound of Norin and Turcotte.
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1 Introduction

Graph burning is a discrete-time process introduced by Bonato et al. [5] to model the spread
of contagion, influence, or information in a network. Given a graph G, the process evolves
in discrete rounds. In each round, one may choose one new vertex to be burned, while
simultaneously the fire spreads from every vertex burned in earlier rounds to all of its
neighbours. Once a vertex is burned, it remains burned for the remainder of the process.
The burning number of G, denoted b(G), is the minimum number of rounds required to burn
all vertices of G. The formal definition of graph burning is provided in Section 2.
Although graph burning was formalised as a graph parameter only recently, the same
underlying problem was studied earlier in 1992 by Alon [1] for hypercubes, in a communication-
theoretic setting. Graph burning is also closely related to several well-studied propagation
processes on graphs, such as the firefighter problem [7] and the k-center problem [9].
Graph burning has attracted considerable attention in recent years. Bonato et al. [5]
proved that every connected graph G on n vertices satisfies b(G) < 2[y/n |—1, and conjectured
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a tighter bound that is attained by paths.
» Conjecture 1 ([5]). If G is a connected graph on n vertices, then b(G) < [/n ].

This conjecture, commonly referred to as the Burning Number Conjecture, remains one of
the central open problems in the area. A sequence of works has progressively improved the
best-known general upper bound. Following the initial bound of Bonato et al. [5], Bessy
et al. [3] obtained a better upper bound (1/12n/3 + 3) which was subsequently improved
by Land and Lu ([(v/24n + 33 — 3)/4]) [11] and later by Bastide et al. ([\/4n/3 ] +1) [2].
More recently, Norin and Turcotte [15] proved that the conjecture holds asymptotically, i.e.,
b(G) < (1 +0(1))4/n for every connected graph G.

To date, the conjecture has been settled in the affirmative for several tree classes, including
paths [5], spiders [6], p-caterpillars (for certain p) [10, 12], and homeomorphically irreducible
trees (HITSs), which are trees whose internal vertices have degree at least 3 [13]. This last result
was recently extended to HITs on n vertices with at most |/n — 1| degree-2 vertices [14].
For a survey of other recent results, see [4].

In this paper, we consider the burning of graph powers. To do so, we generalise the notion
of HITs to kT-branching trees, which are trees whose internal vertices have degree at least k.
We first show that for a tree T, its graph power T* contains a (k + 1)T-branching spanning
tree (Lemma 3). We then show that for k > 1, a k™-branching tree T on n vertices has

burning number b(T') < [ 4((::12))271

equals the minimum burning number of its spanning trees [5], it follows that for a graph G
on n vertices,

—‘ (Theorem 7). Since the burning number of a graph

b(GF) < { 4(]1:21)71-‘ (Theorem 9).

In particular, this shows that any graph that is the square of some other graph satisfies Con-
jecture 1 (Corollary 10). In fact, since b(G*) < b(G?), this shows that any non-trivial graph
power satisfies Conjecture 1.

We also compare the burning number bound for k™ -branching trees on n vertices of
Theorem 7 to the state-of-the-art bound of [2]. We first show that a kT-branching tree contains
at least n(k —2)/(k — 1) leaves (Lemma 13); by removing all leaves, adding an extra round,

and using [2], we show that k*-branching trees can be burned in at most [, /% —‘ +2

rounds (Theorem 14). We illustrate in Table 1 the values of n and k where our bound from
Theorem 7 outperforms or matches that of Theorem 14. Finally, we show that the asymptotic
bound on the burning number for kT -branching trees is (14 o(1))y/n/(k — 1) (Theorem 15).

2 Preliminaries

For brevity, all graphs are assumed to be finite, simple, connected, and undirected, unless
stated otherwise. Given a graph G, we write V(G) and E(G) to denote the vertex set and
edge set of G, respectively. The degree of a vertex v, denoted deg(v), is the number of edges
incident to it. By a tree, we mean an acyclic graph. Within trees, vertices of degree 1 are
called leaves; all other vertices are called internal vertices. Let k € N. A kT -branching tree
is a tree in which all internal vertices are of degree at least k. By definition, all trees are
27 -branching.

Let G = (V, E) be a graph, and let u,v € V be distinct vertices. We write |G| = |V|
to denote the number of vertices in G. The distance between u and v, denoted dg(u,v),
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is the number of edges in a shortest path connecting them. We remove the subscript and
write d(u,v) when there is no ambiguity in the reference graph. Note that in trees, such
a shortest path is unique. The eccentricity of a vertex v, denoted ecc(v), is the greatest
distance from v to any other vertex in G, i.e.,
ecc(v) = max d(u,v).
( ) ueV ( )
The radius of G, denoted rad(G), is the minimum eccentricity over all vertices in G, and the
diameter of G, denoted diam(G), is the maximum eccentricity over all vertices in G, i.e.,
rad(G) = min ecc(v);
(G) = miy ecc(v)
di G) = .
iam(G) max ecc(v)
In other words, the diameter is the length of the longest shortest path between any two
vertices. For an integer k > 0, the k-neighbourhood of a vertex v, denoted N [v], is the set
of vertices that are at most distance k away from v, i.e.,

NEWw] ={u eV :d(u,v) <k}

In addition, the set NF[v] \ {v} is denoted by N&(v). When there is no ambiguity in
the reference graph, we shall simply write Ni[v] or Ni(v). For an integer k > 1, we
write [k] :={1,2,...,k}.

An edge in a graph is a bridge (or cut-edge) if its removal increases the number of
connected components in the graph. Let zy be a bridge in G. We let G, (zy) denote the
component in which x resides, upon removing zy from G.

Let k € N. The kth power of G is the graph G¥ = (V, E’) where

E' ={uw :u,v € V,dg(u,v) < k}.

In other words, G* has the same vertex set as G, with edges between vertices which are at
distance at most k in G.

We now define the process of graph burning. It proceeds in discrete rounds. In each round
(time-step) i, a new vertex b;, called a source, is chosen to be burned, and simultaneously, all
unburned neighbours of every vertex that was burned in step i — 1 become burned. Note
that b; could already be burned in round i. Once a vertex is burned, it remains burned
throughout the process. The process continues until all vertices of G are burned. The
sequence of selected sources (b1, ba, ..., by) is called a burning sequence for G. The burning
number of a graph G, denoted b(G), is the minimum number of rounds required to burn all
vertices of GG. See Figure 1 for an example of burning a graph.

3 Burning graph powers

In this section, we show that given a graph G on n vertices and an integer 2 < k < diam(G)—1,

b(G*) < { 4(’“]51)4 : (1)

We do this in three steps. Firstly, in Section 3.1, we show that for a tree T with diameter d, T
contains a (k + 1)T-branching spanning tree whenever 1 < k < d — 1 (Lemma 3). Next, in
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(%1 U1
z :: U3 Vg Ve Vg z :: U3 V4 Ve Vg
()] Us v7 vs V2 Vs vr vUg

round 0 round 1 round 2 round 3

Figure 1 We burn the tree on 9 vertices shown above using the sequence (vs,ve, vg). The four
copies show the tree at the end of rounds 0-3. Labels indicate the round in which each vertex
burns, unlabelled vertices are unburned in that round, and sources are shown in gray. In round 1,
we burn vs; in round 2, its neighbours vi,v2,v4 burn and we burn ve; in round 3, the remaining
neighbours vs, v7, vs burn and we burn vg. Thus all vertices burn by round 3. Since the maximum
degree is 3, at most five vertices can be burned by round 2, so no sequence of length 2 exists, and
the burning number of the tree is 3.

Section 3.2, we show that every (k + 1)"-branching tree on n vertices has burning number at
most L / %n —‘ (Theorem 7). Finally, in Section 3.3, we combine these results. Every

graph G contains a spanning tree 7. Noting that T* is a subgraph of G*, we argue, using
the steps above, that G¥ must contain a (k + 1)*-branching spanning tree, which establishes
Inequality 1 (Theorem 9).

3.1 Tree powers and k'-branching spanning trees

We recall the following key lemma, which essentially states that every tree contains a bridge
whose removal separates the tree into two subtrees in such a way that one of the subtrees
will be ‘large’ yet consist only of ‘small’ subsubtrees directly attached to the bridge.

» Lemma 2 (Lemma 8 of [14]). Let T' be a tree on n vertices, where n > 3. Then for any real
number p € [1,n—1), there exists a vertex v in T with Ny(v) = {v1,v2,...,Vm} where m > 2,
such that |T,(vom)| > p and |T,, (vv;)| < p for all i € [m —1].

The following lemma establishes a connection between tree powers and k'-branching
spanning trees.

» Lemma 3. Let T = (V, E) be a tree with diameter d, and let 1 <k < d — 1 be an integer.
Then T* contains a (k + 1)*-branching spanning tree.

Proof. We first show that the claim holds when rad(7") < k. Then there exists a vertex u € V'
such that d(u,v) < k for all v € V, which means uv € E(T*) for all v € V. Then the star
graph with u as the central vertex is a spanning tree of 7%, and we are done. Note that this
star graph is (k 4+ 1)T-branching since the degree of u in T% is |[V| —1>d >k + 1.

Now suppose rad(T") > k. Let T := T'. For every integer i > 1, we recursively construct
a tree T; from T;_1, until we obtain a tree Ty for some integer ¢, such that rad(7y) < k. We
refer the reader to Figure 2 for an illustration of the construction.

Suppose we have T;_1 such that rad(T;_1) > k. As k > 1, we know that T;_; has at
least 3 vertices. Hence, we may apply Lemma 2 to T;_; for the fixed value k to obtain a
vertex z; in T;_q with NlTi’l(xi) = {vi,vi, ..., v} } where m; > 2, such that

Ti—1,, (0l )| > k and |Ti_1U§ (xlv;)\ <k for all Jj e [m; —1].

1z,
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Consequently, for every y € V(T;_1,, (zv),,)) \ {x:}, we have dr,_, (z;,y) < k, and there-
fore x;y € E(TF ;). Now remove all vertices in V(T;_1, (z:v},,)) \ {x;} from T;_; to obtain
a tree T;.

Since T is a finite graph, we obtain a tree Ty for ¢ € Z where rad(7y) < k. Let £ be the
smallest such integer. We split into two cases depending on the value of diam(7y).

Suppose that diam(T;) < k + 1. We claim that this implies rad(Ty—1) < k, contradicting

the choice of £. Since x; is a leaf in T}, for every vertex y € T;, we have

dTe_l(x£7y) = dTe (x47y) S k’

where the inequality follows from the assumption that diam(7y) < k + 1. Moreover, by
construction, all remaining vertices z of Tp_; must also satisfy the inequality dr,_, (z¢, 2) <
k, since these are precisely the vertices deleted to obtain Ty. Consequently, rad(Ty—1) < k,
a contradiction. Therefore, this case cannot occur.
Suppose that diam(7y) > k + 1. Then Ty satisfies the conditions of this lemma.
Since rad(7y) < k, we have from the arguments used at the start of the proof, that T}
contains a spanning tree Sy that is (k + 1)*-branching (this is in particular a star graph).
For each i = ¢,£ —1,...,1, apply the following (see Figure 2 for an illustration of the
construction):
add vertices from V(T;_1) \ V(T;), and add an edge from z; to each of these vertices;
call the resulting tree S;_1.
We claim that S;_; is a spanning tree of TF | that is (k + 1)"-branching. But this is
immediate by choice of z;. In particular,

V(L) \ V(T)| = [Timay, (v, )] =1 = k,

and as x; is a leaf in tree Tj, it must be of degree at least k + 1 in T;_1. Thus, we obtain
a spanning tree Sy of Ty = T* that is (k + 1)*-branching, which is what we wanted. <«

Figure 2 A visualisation of the proof of Lemma 3. Left: Construction of T; from T;_1
when rad(T;—1) > k. Right: Construction of S;—1 from S;. In both figures, the dotted lines
indicate the existence of (potentially) more vertices. As an example, in T;_1, the dotted line
from v4 to vfm,l indicate the vertices u € {vi, ... ,Ufni,g} (and all vertices in T;_1, (z;u)). In the
right diagram, filled (black) vertices are leaves and unfilled vertices are those of degree at least k.
Furthermore, the visible leaves in S;—1 are all vertices from V (T;—1) \ V(T3).

We show that Lemma 3 is tight in the following manner.

» Observation 4. For any integer k, the graph Pfk” does not contain a (k + 2)%-branching
spanning tree.

Proof. Since rad(Pzj12) = k+ 1, any spanning tree of Py, ., must contain at least 2 internal
vertices. If PJ _, contains a (k + 2)T-branching spanning tree, then it must contain at
least 2(k + 2) = 2k + 4 > 2k + 2 vertices, which is not possible. <
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3.2 Burning number bound of k" -branching trees

The following is a generalisation of Lemma 3 in [13], which states that we can bound the
number of internal vertices depending on the total number of vertices.

» Lemma 5. Let k > 2 and I > 0 be integers and let T be a k™ -branching tree. If |T| <
(k—=1)(I+1)+1 then T contains at most I internal vertices. Equivalently, if T contains at
least I internal vertices, then |T| > I(k —1) + 2.

Proof. Suppose that T contains at least I internal vertices. Then T has at most |T'| — I
leaves. Furthermore, since T is k*-branching, we obtain

> deg(v) = 1-(|T| = I)+k-I=|T|+I(k-1).
veV(T)

Moreover, by the handshaking lemma, we have 3_ ) deg(v) = 2(|T'| — 1). Hence, the
above inequality yields 2(|T|—1) > |T|+I(k—1), implying |T| > I(k—1)+2, as desired. <«

In the proof of the following results, we require a notion of graph burning where multiple
sources can be burned in round 1. Let G be a graph. For U C V(G) and vertices z; € V(G),
let M = (UU{x1},22,...,2x) be a sequence. In round 1, burn all vertices in the set UU{x1 };
in round ¢ for ¢ > 2, proceed as in the traditional burning process. We call M a modified
burning sequence for G if all vertices of G are burned after round k. The modified burning
number bY (G) of G is the length of a shortest modified burning sequence for G, with some
set U C V(G).

The following is a generalisation of Lemma 4 in [13]. Let yz be an edge of a graph G. By
contracting yz, we mean deleting y and adding an edge zx for every x € N&(y) \ {z}.

» Lemma 6. Let T be a (k — 1)*-branching tree with exactly one degree-(k — 1) vertez y,
and suppose y has a non-leaf neighbour z. let T’ be the k+-branching tree obtained from T
by contracting yz. Then

bvH(T) < b(T").

Proof. Let (z1,...,2%) be a (not necessarily optimal) burning sequence for 77. We claim
that ({y, 21}, x2,...,2x) is a modified burning sequence for T'. This would imply that any
burning sequence for T” yields a modified burning sequence of the same length for T', from
which we may conclude that b{¥}(T) < b(T").

Suppose for a contradiction that ({y,x1},x2,...,2%) is not a modified burning sequence
for T'. Then there exists a vertex w in T that is not burned at the end of round k. Clearly w
cannot be one of the sources. Since (z1,...,2x) is a burning sequence for 7”7, w is a burned
vertex at the end of round k. Suppose that w becomes burned in T” in round j for some j < k.
Since w is not a source, there must be a source x; with ¢ < j such that dp(w,z;) = j —i.

Because w remains unburned in T, we must have that dr(w,x;) > j — 4. Then the path
from w to x; in T must contain the vertex y, as this is the only difference between trees T'
and T". Tt follows that dr(w,z;) = j — i+ 1. But then dr(w,y) < j — 4. This would mean
that w becomes a burned vertex in 7" no later than round 1 + j — ¢, since y is burned in
round 1. Since 1 + j — ¢ < j < k, this means that w is burned in 7" at the end of round k.
This gives the required contradiction. <

We now give a burning number bound for kT-branching trees on n vertices. This is an
extension of Theorem 1 of [13], which corresponds to the case k = 3.
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» Theorem 7. Let k > 3 be an integer and let T be a k™ -branching tree on n vertices. Then

Ak -2)
b(T) < [v/en |, where ¢ = (=it

Proof. Let T be a kT-branching tree with I internal vertices, with at least 3 vertices. We
split into two cases based on the value of n.

Case 1: n < 4(k —2) + 1. First observe that
4(k —2)n n
ww% (,{1”2[,{1] @)

Let I be the number of internal vertices in T. Lemma 5 gives

n>Ik—1)+2. (3)
Plugging Equation (3) into Equation (2) gives
[Ven 1> [T+2/(k—1)] =1+1.

Arbitrarily order the internal vertices of T, using (v1,...,vr). As every leaf is at distance
one from an internal vertex, it follows that (v1,...,vr,v) is a valid burning sequence for T,
for any v € V(T'). It follows then that,

WT)<I+1<[Ven],
which is what we wanted to show.

Case 2: n > 4(k — 2) + 2. Clearly, I > 1. We use induction on I. For the base case, we
consider the case I = 1. This means that T is a star graph, and thus b(T") = 2. Since k > 3,
and by taking n > 4(k — 2), we have

Ven > Ak —2) > 2. (4)
(k—1)
Consequently, the claim holds.

We now assume that for all k*-branching trees with at most I — 1 internal vertices, the
theorem holds. We show that the claim holds for T', which is a kT-branching tree with I
internal vertices. By Lemma 2, T contains a vertex x with neighbours vy, ...,v,, = y such
that for ¢ € [m — 1],

Ty, (2vi)] < (k= 1)([Ven 1= 1) and T (zy)| > (k= 1)([Ven ] = 1).

To show that such a vertex exists, we must verify that (k — 1)([v/en ] = 1) € [1,n — 1) to
satisfy the conditions of Lemma 2.

Observe that (k—1)([v/en ]—1) > 1,as k—1 > 2 and [y/cn | —1 > 2 from Equation (4).

We now wish to show that (k—1)([v/en ] —1) <n—1. As [z] <z +1for all x € R, we
have

(k—1)([Ven ] -1) < (k- D)yen.

So the original claim is true if

(k—1)yen = 4k —2)n <n—1.
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As both sides are non-negative, we can square them to show that this inequality is true if
the following is true.

4(k —2)n <n?—2n+1.

Simplifying, we wish to show that
n? — (4k —6)n+1>0.

But as n > 4(k — 2) + 2 by assumption, this must be true since
n?—(dk—6mn+1=n>—(4k—-2)+2n+1>n>-n?+1=1>0.

Hence, (kK —1)([/en 1 —1) € [1,n — 1), and thus our invocation of Lemma 2 is valid. We
claim that the distance from z to any vertex in H; := V (T, (zv;)) is at most [/en ] — 1.
See Figure 3 for an illustration.

Consider the induced subtree T; := T[H; U {z}]. Since |H;| < (k —1)([v/en ] — 1), it
follows that |T;| < (k — 1)([v/en | — 1) + 1. By Lemma 5, T; contains at most [/cn | — 2
internal vertices. It follows immediately that any path in T from x to a vertex in H; is of
length at most [v/cn ] — 1. As this is true for all ¢ € [m — 1], it follows that the distance
from z to every vertex in T,,(zy) is at most [y/en | — 1.

We now claim that T’ can be burned in at most [/cn ] rounds, by burning z in round 1.
Observe that upon burning z in round 1, with no additional sources in T (zy), all vertices
of T, (xy) will be burned by the end of round [+/cn ]. Indeed, this occurs since the distance
from z to every vertex in T,,(zy) is at most [y/cn | — 1.

The vertex y will become burned in round 2, as it is a neighbour of x. If y is a leaf, then
we are done, so suppose y is not a leaf. It remains to show that b{¥} (T} (zy)) < [\/en ] — 1.
We split into two subcases, depending on the degree of y in Ty (zy).

Subcase 1: y is a degree-(k — 1) vertex in T, (zy). If y only has leaf neighbours, then
we are done, as [y/cn | > 3 from Equation (4). So suppose y has a neighbour z that is an
internal vertex. We contract the edge yz to obtain a k™-branching tree 7”. By Lemma 6, we
have b1} (T, (zy)) < b(T").

Subcase 2: y is not a degree-(k — 1) vertex in T,(xy). Then T,(zy) itself is a
k*-branching tree and we have b1¥} (T, (zy)) < b(T,(zy)).

We now combine the analysis for the two subcases. Note that
T < |Ty(zy)l =n—|Te(zy)| < n—(k=1)([Ven | -1) =1 =n—(k—=1[Ven | +k—2.
Continuing the calculation, we obtain
T, (e)| < en = (k= D[Ven |+ (s —2)
< [Ven 12 = el — D[ven | +elk —2)
= ([Ven 1 = ek —1)/2)* = Ak — 1)?/4+ c(k - 2)
= (IVen 1 - c(k—1)/2)"

where the final equality follows from the definition of ¢. Finally, this gives
[ JelT, el < [Tvar 1= ol - 1y2]

= [[Ven 120k - 2)/(k —1)]
[Wen ] - 1.
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Since z is an internal vertex, 7" and Ty(xy) both contain fewer internal vertices than 7'. It

follows by the induction hypothesis that b(T") < [/cn | — 1 and b(Ty(zy)) < [Ven | — 1.

Therefore, we obtain b{¥} (T, (zy)) < [\/en | — 1, and we are done. <
( TR T Y Tu(zy)
| Se | Tui ()
PE——— —
V2 ‘o1 (zv9g) W
: :\' | Tv2
| / ,I T J
: \ T (xv )
1 : | T Vm—1 m—1
' __/v_ﬂl—_l_,’
- J

Figure 3 A visualisation of the proof of Theorem 7. We indicate subtrees with rectangular boxes.

In particular, dashed boxes are used to indicate the trees T, (zv1), T, (zv2), and T, , (zUm—1);
solid boxes are used to indicate the trees T> and Ty (zy). T» contains at most [1/cn | — 2 internal
vertices. All vertices in T, (zy) are distance at most [/cn | — 1 away from x. Therefore, selecting x
as a first source burns all vertices of T, (zy) in at most [{/cn ] rounds, without selecting additional
sources.

3.3 Burning number bound of graph powers

We recall the following lemma on spanning subtrees.

» Lemma 8 (Corollary 6 of [5]). For a graph G, we have

b(G) = min{b(T) : T is a spanning subtree of G}.

We are now ready to prove the main theorem.
» Theorem 9. Let G be a graph on n vertices, and let k be an integer where 2 < k < diam(G).
Then

b(GF) < { 4(1‘7_1)71} .

k.2

Proof. Suppose first that k¥ = diam(G). Then G* is isomorphic to the complete graph K,
and thus b(G*) = 2. On the other hand, we have

4k—1)n _ 4(k—-1)(k+1)
> = >3,
where the first inequality follows from n > diam(G) + 1, and the second inequality follows as
2
k kgl is monotonically increasing for k£ > 2 with value 3/4 when k = 2. Then we have

B 4(k —1)
b(GF) =2 < { ’“24
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as required.

Now suppose that 2 < k < diam(G). Take any spanning tree T of G. By Lemma 3, T*
contains a spanning tree S that is (k + 1)*-branching. Since T* is a subgraph of G¥, S is
also a spanning tree of G*. Then we have

4(k—1)
b(Gk) <b(5) < ’V an-‘ )
where the first and second inequalities follow from Lemma 8 and Theorem 7, respectively. <

We highlight the k = 2 case of Theorem 9.
» Corollary 10. Let G be a graph on n vertices. Then b(G?) < [\/n ].

4 Larger number of vertices

In this section, we examine how the burning number bound for k*-branching trees of
Theorem 7 compares to the state of the art from the graph burning literature. We first recall
these results.

» Theorem 11 (Theorem 1 of [2]). If G is a connected graph on n vertices, then
b(G) < [Vanf3| +1.
» Theorem 12 (Theorem 1.2 of [15]). If G is a connected graph on n vertices, then

b(G) < (14 o(1))y/n.

To apply Theorems 11 and 12, we use an argument based on dominating sets. A set D of
vertices is a dominating set for a graph G if every vertex in G is either contained in D or has
a neighbour in D. We first show that a k*-branching tree must contain at most n/(k — 1)
internal vertices. These vertices form a connected dominating set (i.e., the internal vertices
induce a connected graph), and upon burning all vertices therein, we require at most one
additional round to burn the leaves in the tree.

» Lemma 13. Let T be a k™ -branching tree on n vertices, where k > 3. Then T contains at

least "n(k_—f))—‘ leaves.

(k
Proof. Let I,/ be the number of internal vertices and leaves of T, respectively. By the
handshaking lemma, we obtain 2(n — 1) > kI + ¢, for which substituting I = n — £ gives

n(k —2) 2
L2t T

» Theorem 14. Let T be a k™ -branching tree on n vertices, where k > 3. Then

4dn
b(T) < { ?M—‘ + 2.

Proof. Consider the tree T” obtained by removing all leaves of T'. This tree T” is connected,
forms a dominating set of T', and by Lemma 13, |T’| < n/(k — 1). By Theorem 11,

, 4n
b(T)g{ M—‘—Fl.

We may require an extra round to burn all leaves of T, so b(T') < b(T') 4 1; this gives the
required result. <
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The proof of the following theorem is analogous to that of Theorem 14 when k& > 3.
When k = 2, the result follows directly from Theorem 12.

» Theorem 15. Let T be a kT -branching tree on n vertices, where k > 2. Then
b(T) < (14+o0(1))v/n/(k—1).

We show that the bound in Theorem 15 is asymptotically tight. We say that a tree is a
caterpillar if all vertices are within distance 1 of a central path.

» Observation 16. Let k > 2. There exists a k™ -branching tree on n vertices with b(T) >

{ (k= 1)].

n—2

Proof. Consider a k*-branching caterpillar T" with central path on ¢t = LHJ + 2 vertices.
Then, as T contains P; as a subtree,

n—2
k-1

W) = b(P) = [VE]| = { _H% > [Vt =1)|. <

To conclude this section, we check when our bound on the burning number for k*-
branching trees (Theorem 7) matches or outperforms that of Theorem 14 [2].

» Theorem 17. Let T be a k™ -branching tree on n vertices, where

dn(k —2) 4n
\/ 12 = \/B(k—l) 2

Proof. We have

an(k —2) an 2yn [ [E-2 1
\/(k1)2 _\/3(k1)_ k—ll kl_\/glgz <

For example, when k = 3, this occurs whenever n < 118. When k = 4, we have n < 52. The

INVE]
increasing for k > 5. We illustrate the bounds on n for some more values of k in Table 1.

—2
function f(k) = (k — 1) [\ [5=2 _ i] has a local minimum at k = 5, and it is strictly

k|l 3 4 5 6 7 8 9 10 | 20 50 100 | 200
n || 118 | 52 | 48 | 49 | 53 | 57 | 62 | 67 | 121 | 288 | 567 | 1127

Table 1 An illustration of the bound on n from Theorem 17. For a fixed k value, let T be
a kT-branching tree on n vertices. If n is at most the value listed in the corresponding column,
then the bound for b(T') from Theorem 7 outperforms or matches that of Theorem 14. For example,
when k = 4, this occurs as long as n < 52.
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5 Discussion

By our results, a graph that contains a k*-branching spanning tree can be burned efficiently.
This naturally raises the question of what graphs allow for such a spanning tree. This
question has recently garnered some attention and some sufficient conditions have been
formulated (cf. [8]), but much is still unknown. In particular, no structural characterisation
of graphs with k*-branching spanning trees is currently known.

A related question is the following: given a graph G, what is the maximal k such that G
contains a kT-branching spanning tree? If we write branch(G) for that maximal k, we find
the following bound on the burning number of G:

) 4(branch(G) — 2)|G]| 4|G|
b(G) < 2
(@) = mm{ {\/ (branch(G) — 1)2 "'V 3(branch(G) — 1) +
by Theorems 7 and 14. Note that branch(G) is well-defined as every graph has a spanning
tree, i.e., branch(G) > 2. This means the above bound on b(G) is also well-defined.

A third question of interest is the following. In the class of k*-branching trees with n
vertices, there is a trivial lower bound for the burning number, since the star graph can

be burned in two rounds. However, if we consider k-branching trees instead, i.e., trees in
which every vertex has either degree 1 or k, this trivial lower bound fails. So, given n and k,
what are the minimal and maximal burning numbers in the class of k-branching trees with n
vertices? Similarly, if the burning number and k are given, what can be said about n?
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